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Abstract 

Recently Schrijver's open problem, whether the Chvatal-Gomory closur e of an irra- 
tional polytope is polyhedral was answered indepen dently in the affirmative b y lDadush et al.l 
1201 ill (even for arbitrarily compact convex set) and lDunkel and Schulzl ll2010ll . We present 
a very short, easily accesible proof for showing that the Chvatal-Gomory closure of a com- 
pact convex set is a polytope. 

1 Introduction 

It is well-known t hat Chvatal-Gomory closure of a rational polyhedron is a ratio nal poly- 
hedro n again (see Schrijver I 1980ll . Chvatal 1 1973 1). As a natural consequence, in Schrijver 
l|1980n the question was raised whether the Chvatal-Gomory closure of an irrational polytope 
P is polyhedral. Th is important question was answered in the aff irmative independently by 
Dadush et al. [ 2011 1 (even for arbitrarily compact convex set) and Dunkel and Schulz [ 2010f| . 
We provide a very short, easily accesible proof for the polyhedrality of the Chvatal-Gomory 
closure of a compact convex set. 

While we recyc l e the main outline of the proof used in e ither of IDadush et al. or 
Dunkel and Schula Il2010ll and follow almost identical steps as IDadush et al.l 1201 ill , we apply 
topological arguments in a more direct fashion, which essentially removes all technical in- 
termediate steps. The cornerstone is the quantitative version of the homogeneity lemma | in 



Section |3j from which many crucial properties follow readily. We then proceed with the main 
proof in Section |U 

2 Preliminaries 

Recall that the classical Chvatal-Gomory closure K' of a polyhedron or compact convex set K 
is defined as 

K'= H {cx<[S\}. 

(c/S)eZ"xR, 
KC{cx<6} 

In the following, we only consider exposed faces and for the sake of brevity we refer to them 
as faces. In other words, F = K D {nx = tcq} for some supporting hyperplane nx = tzq, i.e., 
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KC {nx < tcq} , and there exists Xq G K with nx$ = no; we will call this face the n-face ofK. 
In particular, F = K is allowed if X is lower dimensional. Recall that a compact convex set 
is uniquely determined by its exposed faces and any face is contained in an exposed one; it 
therefore suffices to consider those. 

Let 7T 1 := Tt I || 71 1| 2 denote the unit vector in the direction of n, which formalizes the conti- 
nuity of direction. The next lemma show that compact zr-faces change sort of continuously in 
the direction of n. 

Lemma 1. Let K be a convex set with a compact n-face F. Then for every neighbourhood U of F 
there exists an e > such that whenever || ft 1 — n 1 1| 2 < e, the set K has a n-face, which is contained 
completely in U, i.e., the function x i— » fix attains its maximum on K in U. 

Moreover, ifK is a polyhedron, then the n-face is contained in F (in particular, there is no need for 

U). 

Proof. Without loss of generality we may assume that U is compact and convex. Regarding 
the locations of the maxima, only the direction of n matters, so it is enough to prove that there 
is an e > such that whenever 1 1 ft 1 — n 1 1 1 2 < e, the function x \— y fix attains its maximum on 
Kin U. 

By continuity and compactness of F and dll Pi K (the intersection of K with the boundary 
of U), for all tt in a neighbourhood of n the function x t— y fix is everywhere greater on F than 
on dll H K, since this holds for ft = 71. In particular, x i— > fix attains its maximum on K in U, 
as it is everywhere smaller on K \ U than on F: take arbitrary points *o G K\U and x\ G F. 
There is an X2 G dll D K in the line segment [xq, x\\. As fixi < fix\ we obtain ttxq < fxx\. This 
finishes the proof of the first part of the lemma. 

For the last part of the lemma, let us choose U to be a poly tope. Then U D K is also a 
polytope, and x i— > fix is everywhere larger on the vertices of the 7r-face than on the other 
vertices, when the direction of ft is close to that of n. Hence the 7T-face is contained in the 
7r-face, as claimed. □ 

We will use a well-known approximation theorem due to Kronecker. We state a version 
suitable for our needs, which we derive from Weyl's criterion. 

Lemma 2 dKronecker! lll884l l llWeyll. Il916l. Satz 3]). Let n, N e1Nandn G R". Then Z" + ttZ >No 



contains a dense subset of a non-trivial linear subspace V ofW. In particular, Z" + 7rZ>]v contains 
points arbitrarily close to 0, i.e., for every e > there exists N > No and a G Z" with \\a — N7r|| 2 < e. 

Proof. When the coefficients on n together with 1 are linearly independent over Q, this is a 
special case of Weyl's criterion with V = R". We reduce the general case to this one. 

First we define V. Let n\, . . . ,n„ denote the coordinates of n. We can assume without loss 
of generality that a linear basis of 1, n\, . . . ,n n over Q is 1, n\, n^, . . . , n\. 

Thus for j > k there are integers and n,- such that 

k 

n j = n j + Yj n i,i n i> i >k - 

t=i 

In principle we use these as the defining equations of V, i.e., V is defined by 



i=l 



2 



Let e\, . . . ,e n denote the canonical basis of Z". The following elements lie in V: 

11 

ti := e { + n i,' e i' i < k > 

j=k+l 
n 

n:=n- n i e i- 

j=k+l 

By Weyl's criterion, Z fc + (iii, . . . , n^Zy^ is dense in R fc . We reformulate this for V via the 
projection to the first k coordinates, which is obviously an isomorphism between V and M k : 
a dense subset of V is Ya=\ ZeJ + ^^>n , which is a subset of Z" + nZ > ^ . This finishes the 
proof. □ 

3 Homogeneity 

In this section we compare K' with the Chvatal-Gomory closure F' of a face F resulting in 
K' n F = (K n F)' among others. 

Lemma 3 (Homogeneity for compact faces). Let K C R" be a closed convex set. Let 

F := Kf] {nx = n } 

be a compact Ti-face of K for some n G R n and tiq G R with. K C {ttx < no}- Assume that F satisfies 
cx < 5 with c G Z" (and hence F' satisfies cx < [S\). Then there are finitely many CG cuts of K 
defining a polyhedron P satisfying (c + an)x < [S\ + otn^for some ol > 0. 

Proof. We may assume without loss of generality that tiq G Z. Let e > be a small positive 
number. Choose a small compact neighbourhood U of F such that cx < S + e for x G !i. 

By Lemma [TJ there exists an £2 > such that whenever 1 1 ft 1 — re 1 1 1 2 < £2, the function 
x ^ fix attains its maximum on K in U. In particular, there is a positive integer N and a small 
positive number £2 > 0, such that for all m > N and vector a G Z" with (jfl 1 — (mzr) 1 !^ < £2, 
it follows that \(a — mn)x\ < e for all x G IL and the direction of c + a is close enough to 
that of mn to ensure that (c + a)x attains its maximum on K in II, i.e., via triangle inequality 
|| (c + a) 1 — (mzr) 1 !^ < (jfl 1 — {mn) 1 1| 2 + || (c + a) 1 — a 1 1| 2 where the first summand is bounded 
by £2 while the second one tends to and the length of a tends to 00 as N tends to 00. 

Now we choose a finite collection of such pairs (m,a). By Lemma |2] the collection Z" — 
Z>jv7t contains a dense subset of a linear subspace V of R" so we can write as a convex 
combination of finitely many of them, i.e., 

£ Ai(a, - miJi) = 0, \i > 0, £ A,- = 1 (1) 

ie[fc] «6 [fc] 

with some a,- G Z", m, > N satisfying ||a; — 7?2,7r|| 2 < £2- To see this, let us choose a simplex 
in V with inner point and write as a convex combination of the vertices. The coefficients 
form the unique solution of an independent system of linear equations, and hence depend 
continuously on the vertices. It follows that replacing each vertex with a nearby one in the 
dense set Z >! — Z>n7T, the system remains independent, and the coefficients remain positive, 
thus leading to the desired a,, A,. 

As a consequence we obtain for all x G U fl K 

(c + aijx = cx + miTix + (a, — m,7r)x < (5 + e) + m;7To + £. (2) 

which is also valid for all x G K as (c + fl)x attains its maximum in U. Hence 

(c + ai)x < [S + miTto + 2eJ = [S\ + miTiQ 
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is a CG cut for K for i G [k]. 

We let these CG cuts define the polyhedron P. The convex combination of the CG cuts with 
coefficients A, is valid for P, which is exactly the claimed inequality for P 

(C + 0LTl)x < \8\ + OLTLq, 

with cl := YLie[k] ^i m i > as © can be rewritten to 

Aj(c + flj) = c + ^' m i n - ^ 
ie[k] ie[k] 

« 

Remark 1. If we are not interested in the finiteness statement of Lemma |3j then it actually 
suffices to consider a single normal c + d\. From (01 the proof can then be concluded as follows: 
For every x G K' f)F 

cx = (c + a\)x + (mi n — a\)x — m\rco < [8\ + e 

for every e > small enough. Thus cx < [5\ is valid for K' n F. 

The main strength of Lemma|3]is producing important inequalities for the Chvatal-Gomory 
closure coming from faces, as we illustrate in the following corollaries. 

Corollary 4. Let K C R" be a compact convex set. Then K' C K and we have K' (1 F — F' for every 
face F ofK. 

Proof. Applying Lemma [3] to c = and 5 = 0, we obtain that K' satisfies every inequality 
nx < tcq satisfied by K. 

For a face F, Lemma|3]implies that K' D F satisfies the CG cuts defining F', hence K' Pi F C F'. 
The inclusion in the other direction F' C K' n F is obvious. □ 



Note that K' Q K alternatively follows with IIDey and Pokuttal,l201ll, Lemma 2] (see lDadush et al. 



1201011 f° r a similar result). 

The previous lemma is void for the face F = K. However, even the non-proper face restricts 
K' provided K is lower dimensional: 

Corollary 5. Let Kbea compact convex set. Then finitely many CG cuts ofK define a polyhedron in a 
rational affine subspace V with V C aff (K). 

Proof. The affine subspace aff(K) is defined by finitely many equalities a,x = b{ with i G [£] 
for some £ G N. These are consequences of finitely many CG cuts via Lemma [3] with n = fl„ 
tcq = bj and c = 0, 8 = 0. Therefore the polyhedron defined by these CG cuts spans a rational 
subspace V of aff(K). □ 

4 The Chvatal-Gomory closure of a compact convex set 

We will now prove the main theorem 

Theorem 6. Let Kbea convex compact set. Then K' is a rational polytope defined by finitely many CG 
cuts ofK. 

The proof will proceed via induction on the dimension of K using the following step 
lemma. 

Lemma 7. Let K be a compact convex set. Let us assume that for every proper face F of K, the CG 
closure F' is defined by finitely many CG cuts ofF (i.e., Theorem\6\holds for F). Then there is a polytope 
P defined by finitely many CG cuts ofK, which is contained in K and coincides with K' on the boundary 
ofK. 
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Proof. Let zr be a vector of the unit sphere in aff(K), and let nx < zro define the associated 
supporting hyperplane. Now F := K D {zrx = zro} is a proper face, the zr-face of K, and hence 
F' is defined by finitely many CG cuts of F by our assumption. By Lemma [3] there are finitely 
many CG cuts of K defining a polyhedron P n with zr-face F' . The analogous statement holds 
for P n and vectors zr in a neighbourhood l/^ of zr on the unit sphere, as the zr-face of P n is that 
of F' by Lemma [T] 

We obtain an open cover of the unit sphere of aff(X) with neighborhoods M n so that for 
each zr G M n the zr-face of P n is that of F' where F is the zr-face of K. Since the unit sphere is 
compact, it follows that finitely many CG cuts define a polyhedron P for which the zr-face of P 
is that of K' for all the unit vectors zr in aff (K). 

By Corollary |5l by adding finitely many cuts we obtain a polytope in a rational subspace of 
aff (K), which is contained in P. In particular, it lies in K and coincides with K' on its relative 
boundary. □ 

Finally, we are ready to prove the main theorem. 

Proof of Theorem® The proof proceeds via induction on the dimension of K. By the induction 
hypothesis, the Theorem holds for proper faces of K. From Lemma [7] we know that finitely 
many CG cuts define a polytope P in K coinciding with K' on the boundary. The polytope P 
spans a rational subspace V of aff(X). 

Note that the CG cut of a c £ Z" restricted to V depends only on the orthogonal projection 
of c onto V, hence it is enough to consider the orthogonal projection of Z n onto V. As V is 
rational, the orthogonal projection D is a discrete subgroup. 

We now consider which vectors c £ D produce a CG cut cutting out at least one vertex 
v of P. As vertices on the boundary of K belong to K', these cannot be cut out. Therefore v 
has to be contained in the relative interior of K and so does a small ball U around v. Let r 
denote the radius of U. Now whenever c G D is long, i.e., ||c|| 2 > 1/r, we have max ie j( ci > 
maxwell cx > cv + 1 and hence cx < [max x ^K cx\ cannot cut off V. As there are only a finite 
number of vertices v of P, there is a global upper bound on the length of the c which could 
cut out a vertex in the relative interior of K. As D is discrete, there are only finitely many such 
vectors and we simply add all cuts arising from those vectors. 

All in all, K' is defined by the CG cuts defining P plus finitely many additional CG cuts, as 
claimed. □ 
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